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Abstract 
 
The article contains calculation of the efficiency of the ideal thermomagnetic engine whose 
working body is ferromagnetic has been suggested. Suggested method being applicable to any 
heat engine operating on the basis of structural phase transitions in solid bodies. 
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1. Introduction 
Recently, in connection with the ever-increasing world-wide energetic crisis a great attention has 
been paid to heat engines operating at low-potential energy. Among them are the engines 
operating at using the structural phase transitions in solid bodies: martensite-austenite, 
ferroelectric-dielectric, ferromagnetic-paramagnetic. 
The presented work gives the calculation of the efficiency of the ideal thermomagnetic engine 
(TME), the working body of which is a ferromagnetic material. 
 
2. Basic physics of a work of the thermomagnetic engine 
As it is well known, the magnetic moment M
r
 located in nonhomogeneous magnetic filmH
r
 is 
acted not only by the precessional force proportional to the vector product [ ]HM rr × , but also by 
the force HMF
rrrr
)( ∇=  caused by the inhomogeneity of magnetic field (∇r  is the gradient 
operator). For the ferromagnetic material of the final dimensions, F
r
force is equal to the sum of 
forces acting on different sections of the sample. It is assumed that this force is proportional to 
the full magnetic moment. Besides, it is assumed that the gradients of magnetic field are such 
that we can neglect the magnetostrictive effects and, hence, not take into account the changes of 
the shape and the volume of sample. In TME, just this force F
r
does the work and therefore, to 
achieve the high values of this force, the magnetic fields with a high gradient and the 
ferromagnetic materials with a large magnetic moment should be chosen. 
The domain structure of ferromagnetic material is significantly determined by the demagnetizing 
field that depends on the shape of sample [1]. Two cases are known, when demagnetizing field is 
equal to zero and the sample is in the single-domain state. The sample made of uniaxial 
ferromagnetic material is a parallel-sided infinite plate with planes parallel to the magnetization 
vector, and an infinite cylinder with axis parallel to the magnetization vector. 
Besides, as the limited dimensions of the region, where the external magnetic field is created, in 
order the resultant force at the input and at the output be maximum, it is necessary to change 
significantly the magnetic properties of sample within the range of magnetic field. These 
properties are changed most strongly at the phase transitions of the second order – 
ferromagnetic-paramagnetic – in the vicinity of Curie temperature CT  [2]. 
Though the dependence )(TM  in the vicinity of CT  has a rather complicated form, it is 
important that a sharp change of magnetic moment takes place in the narrow temperature band 
TΔ . 
Thus, if the temperature of sample at the input is TTT c Δ−<1 , the magnetic moment )( 1TM  is of 
0M  order (the maximum magnetic moment of sample). If we heat the sample up to the 
temperature TTT C Δ+>2  when it passes the magnetic field then, its magnetic moment is 
),()( 22 efp HTMTM =  when it leaves the magnetic field, where pM  is the magnetic moment of 
paramagnetic material, efH  is the certain efficient magnetic field at the output in the region of 
strong inhomogeneity of the field. Obviously, 0)0,( 2 =TM p . In the general case, 
)( 2TM depends in a complicated way on the temperature 2T  and on the character of motion that 
determines efH . The resultant force depends on the difference )( 1TM - ),( 1 efp HTM , and just 
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this difference determines the character of motion of sample, i.e. the system with feedback is 
obtained, the properties of which depend significantly on the method of heating the sample. As it 
was already mentioned, due to the small characteristic dimensions of the regions of magnetic 
field, in the case of moving sample a detailed study of the processes of heat transfer from the 
heater to the sample is necessary. The processes of heat transfer are less limited in connection 
with the less strict requirements for the cooling regions. The processes of heat transfer become 
more important taking into account the cyclic operation of the engine. In this case, the only way 
to act on the system from the outside is a thermal contact. As it is known [2], the process of heat 
transfer is reversible at neglecting the magnetostrictive effects; therefore, to obtain the significant 
difference in the quantity of heat generated by the heater and transferred to the cooler, it is 
necessary to change the conditions of heat transfer. In this case, the only method of changing 
these conditions is to heat and to cool the sample in different magnetic fields. 
 
3. Calculation of the efficiency of ideal thermomagnetic engine 
Let us denote the quantity of heat necessary for heating the sample from 1T  to 2T  in 
homogeneous magnetic field H  by HQ , and by 0Q  the quantity of heat transferred by this 
sample to the cooler at cooling from 2T  to 1T  in the magnetic field equal to zero. Then, the 
difference 0QQH −  is equal to the work done by the magnetic field, and the value 
H
H
Q
QQ 0−=η                                                                    (1) 
is the efficiency. 
Thus, the efficiency depends significantly on the engine design, of the configuration of external 
magnetic field, on the conditions i.e., where the heating is started and at which fields, it  is 
desirable to carry out the heating in such sections of the magnetic field where it has the 
maximum value and is homogeneous, etc. 
To estimate the efficiency of TME in most interesting temperature region 21 TTT C <<<< , we 
can make use of the idealized pattern, assuming that the ferromagnetic sample is heated 
uniformly in homogeneous magnetic field and, thus, is cooled in the absence of magnetic field. 
Taking into account the reversibility of thermal contact, and neglecting the magnetostrictive and 
magnetocaloric effects, as well as the thermal expansion, HQ  and 0Q  can be easily expressed by 
the change of internal energy of the sample. Indeed, under the proposed conditions 
),(),( 12 HTEHTEQH −= ,                                                   (2) 
where ),( 2 HTE  and ),( 1 HTE  are the internal energies of ferromagnetic material in the 
magnetic field H at the corresponding temperatures. Hence, the heat transferred from the sample 
to the cooler is 
)0,()0,( 120 TETEQ −= .                                                      (3) 
Internal energy of ferromagnetic crystal can be presented in the form of the sum 
)(),(),( TEHTEHTE lm += ,                                                 (4) 
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where ),( HTEm is the internal energy of magnetic subsystem of ferromagnetic material , and ( )TEl  is the internal energy of the crystal lattice not depending on the magnetic field owing to 
the fact that the magnetostrictive effects are neglected. 
To estimate the internal energy of the magnetic subsystem, we can use the simplest form of 
Hamiltonian 
zllnlnl
SHSSJH Σ−Σ−= ≠ 0ln 22
1 μrr ,                                                   (5) 
where the exchange integral lnJ  is considered to be different from zero only for the nearest 
neighbors, 
mc
e
20
h=μ  is the Bohr magneton, and lS
r
 is the spin operator for the l -th atom. 
Below the narrow region of phase transition, the internal energy of ferromagnetic material can be 
presented as a sum of the energy of ground state ( )HEm ,0  and of the energy of magnon gas ( )HTUm , . 
( ) ( ) ( )HTUHEHTE mmm ,,0, += .                                                (6) 
The energy of ground state ( )HEm ,0  for magnetic subsystem with Hamiltonian (5) is 
( )
⎭⎬
⎫
⎩⎨
⎧ Σ= ≠ HMJ
SnVHE llm 00
2
2
,0 ,                                                  (7) 
where 0M , the density of magnetic moment of the ground state V
NS
V
mM 00
2μ==  is 
determined by the maximum value of the spin of separate atom and by the density of atoms 
0
1~
vV
Nn =  ( 0v  is the volume of elementary cell per one magnetic atom, and 30 1~ av , where a  
is the lattice constant). 
In expression (7) the summation over l  is made only over the nearest neighbors of the magnetic 
atom located at the origin of coordinates, and zJJ ll ≈Σ≠0 , where z is the number of the nearest 
neighbors and 
a
eJ
2
~ ξ  is the exchange integral, a  is the dimensionless parameter, ξ  for 
typical ferromagnetic materials is of the order of 04.01.0~ −ξ . According to the order of 
magnitude CTJ ~ . 
Magnon energy with the wave vector k  for the system with Hamiltonian (5) is 
( ) ( ) HrkJSkE lll 02cos1 μ+−Σ= r                                                  (8) 
and in the long-wave approximation, for the crystal with cubic symmetry we have: 
( ) ll JSaHkHkU 0
2
0
2
2
;2, ≠Σ=+= αμα .                                          (9) 
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Thus, the internal energy of magnon gas is equal to 
( ) ∫ −= kdTkHkE HkEVHTU Bm 33 1)/),(exp(
),(
)2(
1, π .                             (10) 
Then, for the internal energy of ferromagnetic material in paramagnetic state at CTT >>2  we 
have 
( ) ( ) ( ) ( )HTSHHTSHTSJHTE zllnlnlm ,2,,2
1, 2022ln2 Σ−Σ−= ≠ μ
rr
,                     (11) 
besides, the relation between the density of magnetic moment ( )HTM ,r  and the average value of 
spin ( )HTSzl ,2r  is of the same character as in case of the ground state, i.e. 
( ) ( )HTS
V
NHTM ,2, 0
rr μ= .                                                  (12) 
For this reason, at CTT >>2 , because of the infinitesimal of ( )HTM ,2 , we can assume that  
( ) ( ) 0~0,~, 22 TEHTE mm  
thus, the heat absorbed by the ferromagnetic material at heating from 1T  to 2T  in the magnetic 
field is equal to 
∫ −−⎭⎬⎫⎩⎨⎧ Σ+−= ≠ kdTkHkU
HkUVJSnVTETEQ
B
nnllH
3
3012 1)/),(exp(
),(
)2(
1
2
)()( π .           (13) 
The heat transferred to the cooler at cooling the sample from 2T  to 1T  in the magnetic field equal 
to zero is absolutely the same 
∫ −−Σ+−= ≠ kdTkHkU HkUVJnSVTETEQ Bnnll 330
2
120 1)/),(exp(
),(
)2(
1
2
)()( π             (14) 
hence, the work performed by the system is 
∫ −−Σ+−= ≠ kdTkHkU HkUVJnSVTETEQ Bnnll 330
2
120 1)/),(exp(
),(
)2(
1
2
)()( π ,            (15) 
and the efficiency of TME, according to (1), (13), (15) is 
∫
∫
−+−−Σ+
⎟⎟⎠
⎞
⎜⎜⎝
⎛
−−−+=
≠ V
TETEkd
TkHkU
HkUJnSHM
kd
TkHkU
HkU
TkkU
kUHM
ll
B
nn
BB
)()(
1)/),(exp(
),(
)2(
1
2
1)/),(exp(
),(
1)/)(exp(
)(
)2(
1
123
1
30
2
0
3
11
30
π
πη .            (16) 
The difference in internal energy of unit volume of crystal lattice can be expressed by the 
difference in energy of phonon gas of unit volume or by specific heat capacity of the lattice 
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( ) ∫ ∫=⎟⎟⎠
⎞
⎜⎜⎝
⎛
−−−=
− 2
1
3
12
3
12 )(
1)/)(exp(
1
1)/)(exp(
1)(
2
1)()( T
T
l
ll dTTCkd
TkUTkU
kU
V
TETE
π .  (17) 
Thus, the efficiency equals to 
∫∫ +−−Σ+
=
≠
2
1
)(
1)/)0,(exp(
)0,(
)2(
1
2
)(
)(
3
1
30
2
1
1
T
T
l
B
nn
dTTCkd
TkkU
kUJnSHTM
HTM
π
η .        (18) 
It should be noted, that on the basis of the approximations made above, expression (18) is the 
efficiency of the ideal TME, therefore, the estimation (18) can be considered as a rough 
approximation for the efficiency of real TME. 
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